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1
$(z0, z_{1})$ $\mathbb{C}^{2}$ ,
$\omega=-\frac{i}{2}(dz_{0}\wedge d\overline{z}_{0}+dz_{1}\wedge d\overline{z}_{1})$
. $J^{M}$ $(M, J^{M})$
$(\mathbb{C}^{2},\omega)$ $\psi:(M, J^{M})arrow(\mathbb{C}^{2},\omega)$ . $\psi^{*}\omega=0$
. $\{\psi_{t};M_{t}arrow \mathbb{C}^{2}\}$ $\psi$ .
$\psi_{0}=\psi$ . $\{\psi_{t}.\}$ , $M_{t}$ $H_{t}$
$\psi_{t}^{*}(\frac{d\psi_{t}}{dt}J\omega)=d$
, $\{\psi_{t}\}$ . $\xi$ $\eta$ ,
$\{\psi_{t}\},$ $\psi_{0}=\xi,$ $\psi_{1}=\eta$ ,
. $\mathcal{A}$ .
$\frac{d}{dt}\mathcal{A}(\psi_{t}).|_{t=0}=0$
$\psi$ $\{\psi_{t}\}$ , $\psi$ .
$f;\mathbb{R}^{2}arrow \mathbb{C}^{2},$ $f(x, y)=(r_{1}e^{xi}, r_{2}e^{yi})(r_{1}, r_{2}>0)$ , $f$
.
Oh , , $f$ ,
, $f$
, $f$ , $\mathbb{C}^{2}$
$f$ (Oh [5]). Oh
.




(Bursatall, Ferus, Leschke, Pedit, and Pinkall [1], Ferus, Leschke, Pedit, and Pinkall











$\mathbb{C}^{2}$ $\mathbb{H}$ $\mathbb{H}=\mathbb{C}\oplus j\mathbb{C}\cong \mathbb{C}^{2}$ . ,
$\mathbb{H}=\{a_{0}+a_{1}i+a_{2}j+a_{3}k|a_{0}, a_{1}, a_{2}, a_{3}\in \mathbb{R}\}$ ,
$i^{2}=j^{2}=k^{2}=-1_{J}$
$ij=-ji=k,$ $jk=-kj=i,$ $ki=-ik=j$ ,
. , .
21. $\psi;(M, J^{M})arrow \mathbb{H}$ , $\psi$ , $\beta:Marrow$
$\mathbb{R}/2\pi \mathbb{Z}$ ,
$*(d\psi);=(d\psi)\circ J^{M}=-(d\psi)e^{-\beta i}j$
(H\’elein and Romon [3]). $\psi$
$\beta$ .
$e^{-\beta i}j:Marrow \mathbb{H}$ $\psi$ .
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2.2
$\psi;Marrow \mathbb{H}$ $e^{-\beta i}j$ . $\underline{\mathbb{H}}=M\cross \mathbb{H}$
. $M$ $\mathbb{H}$ , $\underline{\mathbb{H}}$
$\Gamma(\underline{\mathbb{H}})$
$-$ . $M$ , $\psi$ $0$
, $\nabla;\Gamma(\underline{\mathbb{H}})arrow\Gamma(T^{*}M\otimes\underline{\mathbb{H}})$
$\nabla\psi=0$ , $\nabla(\lambda\psi)=(d\lambda)\psi$
. , $\lambda:Marrow \mathbb{H}$ . $\nabla$ $\psi$ . $\phi\in\Gamma(\underline{\mathbb{H}})$
, $\nabla\phi=d\phi+\phi$ $\omega$ $\nabla$ . $\nabla$
, $d\omega-\omega\wedge\omega=0$ .
2.3 1
$J\in\Gamma$ (End $(\underline{\mathbb{H}})$ ) $J\phi=-\phi e^{-\beta i}j(\phi\in\Gamma(\underline{\mathbb{H}}))$ . $J$ $\psi$ .
$\psi$ $\nabla$ .
$\nabla=\nabla’+\nabla’’$ ,




22. $\nabla$ $\phi$ . $\phi$ , $e^{-\beta i}j$
, $\nabla’’=d^{\prime/}$ .
, $\nabla$ $\tilde{\nabla}$ $\psi,\tilde{\psi}$
, $\nabla’\neq\tilde{\nabla}’$ , $\psi\neq\tilde{\psi}$ . .
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$\nabla’$ $J$ , .
$\nabla’=\partial^{\nabla}+A^{\nabla}$ ,
32
$J\partial^{\nabla}\phi=\partial^{\nabla}J\phi$ , $JA^{\nabla}\phi=-A^{\nabla}J\phi$ $(\phi\in\Gamma(\underline{\mathbb{H}}))$ .
$\partial^{\nabla}$
$E\oplus jE\cong E\oplus E$ .
, $E=\{\phi\in\underline{\mathbb{H}}|J\phi=i\phi\}$ , $\partial^{\nabla}$ ,
$\partial^{\nabla}(\lambda\phi)=(\partial\lambda)\phi+\lambda(\partial^{\nabla}\phi)$
$\phi\in\Gamma(\underline{\mathbb{H}})$ $\lambda:Marrow \mathbb{C}$ .




$\phi;Marrow \mathbb{H}$ $e^{-\beta i}j$ ,
$\nabla$ , $\omega$ . , $M$ $\omega_{0}$
,
$\omega=\omega_{0}+*\omega_{0}e^{-\beta i}j$
. $(d\phi)=-\phi v$ ,
$\mathcal{A}(\phi)=-\frac{1}{2}\int_{M}(d\phi)\wedge(d\hat{\phi})$
, $r_{-}= \min\{|\phi(p)||p\in M\},$ $r+= \max\{|\phi(p)||p\in M\}$
$-r_{-}^{2} \int_{M}\omega_{0}\wedge*\overline{\omega}_{0}\leq \mathcal{A}(\phi)\leq-r_{+}^{2}\int_{\Lambda i}\omega_{0}\wedge*\overline{\omega}_{0}$
. $|\phi|=r_{-}=r+$ , $\phi$
. , $\phi$ . , $\phi$
,
$-r^{\underline{2}} \int_{M}\omega_{0}\wedge*\overline{\omega}_{0}<\mathcal{A}(\phi)<-r_{+}^{2}\int_{M}\omega_{0}\wedge*\overline{\omega}_{0}$




[1] Burstall, Francis E., Dirk Ferus, Katrin Leschke, Flranz Pedit, and Ulrich Pinkall.
Conformal Geometry of Surfaces in $S^{4}$ and Quaternions. Lecture Notes in Math-
ematics 1772. Berlin: Springer-Verlag, 2002.
[2] Ferus, Dirk, Katrin Leschke, Franz Pedit. and Ulrich Pinkall. “Quaternionic Holo-
morphic Geomctry: Pl\"ucker Formula, Dirac Eigenvalue Estimatcs and Energy
Estimates of Harmonic 2-Tori.” Invent. Math. 146, no. 3 (2001): 507-593.
[3] H\’elein, Fred\’eric and Pascal Romon. “Hamiltonian Stationary Lagrangian Sur-
faces in $\mathbb{C}^{2}.$” Comm. Anal. Geom. 10, no. 1 (2002): 79-126.
[4] Moriya, Katsuhiro. “A flat quatemionic connection for a Hamiltonian stationary
Lagrangian toms in the complex Euclidean plane.” preprint. arXiv$:0710.4233v5$ .
[5] Oh, Yong-Geun. (Volume Minimization of Lagrangian Submanifolds under
Hamiltonian Deformations.” Math. Z. 212, no. 2 (1993): 175-192.
[6] Pedit, Franz and Ulrich Pinkall. ”Quaternionic Analysis on Riemann Surfaces
and Differential Geometry.” in Proceedings of the International Congress of
Mathematicians (Berlin, 1998). Extra Volume II, Doc. Math. (1998): 389-400.
http: $//www$ .emis.de/joumals/DMJDMV/xvol-icm/ICM.html.
34
